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EFFECTSAND
SUMMARY
Theerrorsinvolvedinusingtheperfec~aslaw pv = RT andthe
assumptionof constantheatcapacitiessreevaluated.Thebasicequations
ofgasfluwstakingInto
sametimeexepresented.
accounthesephenmenaseparatelyandat‘the
INTMDUC!TION
Theconventionalmethodof o%taininghigh&ch mmibersfor
asrdynamictestsisto acceleratetheairbymeansofa ~essure
differencesothattherandomkineticenergyoffihmolectiesofairat
restis convertedintokineticenergyinthetestsection.Forvery
highWch nunibersthismayoccasionhighstagnationtemperaturesand
pressureswhichintrmluceeffectsdue to thevitmationalheatcapacity
andmolecularforcesandsizesuchthattheperfectqgaslaw pv = RT
andtheassumptionof constantheatcapacitiesm ybe no longer
sufficientlyaccurateto evaluategasflows.
J-tisthepurposeofthispaperto ~esentformulaswhichare
suitableforhandl~ suchproblemsandto pointautthemagnitudeof
theerrorsthatmaybe involvedinusingtheperfec~aslawandthe
assumptionof ccmstantheatcapacities.
Tsien(reference1)haspublisheda theoreticaldiscussionof
thisprobleminwhichcertainapproximationswereintroducedin order
to obtainsolutionsthatwereina veryneatformwhenthe3mperfect+
gaseffectsweremoderate.A cmparisonofTsientsresultswith
thisworkispresentedto showthemagnitudeoftheseapproximations.
lhEnglandGoldsteinhaspreviouslyinvestigatedthisproblem
atmoderateteqeraturesandpress~s incinderto provethesmall
—
~@tude of@erfec%as andvibrational-heat-capacity effectsin
mostsupersonicwindtunnels.‘Thisreportindicates,ingeneral,the
rangeinwhichtheseeffectsme smallbut-doesnot~esentformulasfor
handlingproblemsingasdynamicswhentheseeffectsarelarge.
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The_pret3entpaperiswsnged inthefol?.owing,tti-eeparts:
temperatureeffectsonpeqf’ec~sflowsduetovariationofheat ,-
capacities;igperfect~eeffectson gaseswithoutvariationof
&.heat~capacities.;and.gas:flowsinwhichbothGffectstiepresent.
Thisisdonesincethefommilasinthefi?stpar;mayproveuse-
ful. to thosedeelingwiththeflowof.hotefiaust.~sesandsince
itmaybringoutmoreclearlythedifferences-betweenth twoeffects.
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SYMBOLS
terminVanderWaal.stequatiticorrectingforthe
effectofmolecularforces
terminVbnderWaalssequnticncqecting forthe
effectofmolecularsizo
speedof sound,feetpersecond
heatcapacityat constantpressure
heatcapacityat constantvolume”
energy,foo%pounds
Machnumber (u/c)
pressure,.pcundsper8quarafoot
gasconstant”
absolutetemperature,Qgwes F*enheit
specificvolume,cubicfeetperslug
velocity,feetpersecond
,ratiofheatcapacities[C#2v)
densfty,slugspercubtcfoot
characteristictemperatureofmolecularvibratica
stagnationccnditioni
criticalconditions
—
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ErrarsTnvolved.in AssumingConstant Specific Heatsin the
PresenceofHighTemymaturesina PerfectGas
Fora perfectgaswithconstantheatcapacitiestheequationfor
conservationfenergyofa steadyisentropicprocessmaybewrittenas
~ thisequatimis
ofsound C2= ~T
.
~pT+& . CPTO
conibinedwiththeequationfortheIsentropicspeed
theresulthgequaticmis
()Tj@=* +2_l
Iftheexpensionis isentropic,thepressureanddensityratios
correspondingto theMachnumbersre
~= (%)%@P
Po
(+9
T ~~
—=
P I
(1)
(2)
However,ifthetemperatureofthegasishighenoughtheheat
capacitiesmaynotbe as-d constantbecausethevibrationaldegrees
offreedomofpolya.tomicmoleculesareexcited.Thevsriationofthe
equilibriumvalueoftheheatcapacityat constantvolumeofa perfect -
diatomicgasisfoundframquantumechanicalconsiderationstobe of .
theform
%5$2
()
ee/T—=-
R2+7 (ee~ - 1)2
(3)
where G isa constentdependingonthegas. Theformulamay%e used
forthemixtureairifthevslueof El isplacedequalto 5526when
absolutetemperatureismeasuredindegreesFahrenheit.(Seethe
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appendix.) Thevalueof.theheatcapacityat:constant~essurefora
~erfectgasisthen
l
Q
%7 o~ 2 #/T --—=R~+? (@- 1)2
l
Figure1 isa plotofequation(4)andshuwsthattheheatcapacity
maynotbe ccmsideredconstantalmve6000F alsolute.
Whentheheatcapacityat constantpressurevaries accordingto
equation(4)theener~ equationmustbewritten
!TcR # dT+&=OTo
Substitutingequation(4) intoequation(5)andintegratingyields
The
by
Kch numberisobtainedfrm equation(6) by dividingthrough
7RT= C2,whichgives
The
the
l where
%@ 7(eglT- 1)2+2($j)2e6/T
7 = * ‘ 5(ef3/T- 1)2 + 2($)2ee~
pressureratiocorrespondingto thisMach..n~beris=_o%tainedfrom
isentropicequation
(5’)
(6)
.
—
(7)
(8)
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T c??dTlog$= ——
To RT
by substitutingequation(4) titoequation(9) W integrating
Simllar~, thedensityratioisfoundtoye(gee/T e ,e/To—— -.()T 5/2 1 _ ee/TO T e9/!lLlToeg/To_lP )G= ~ me
(9)
togive
(10)
(U)
Thedifferencesinvolvedintheuseofequations(1)and(2)to predict
thetemperature,density,end~easureratioscorrespondingto a given
Wch numleraregiveninfigures2(a)snd,2(b),intermsofthepercentage
differencesfromthevaluegivenhyequations(7), (10), smd(1.1)for
stagnationtemperaturesof100@ and20000F a%solute.
It isseenthattheassumptionofconstentheatcapacityleadsto
appreciabledifferencesinapplyingthe.isenlmopiclawfora perfectgas
if stagnationtemperaturesabove1000°F absolutereinvolved.
ErrorslhvolvedintheAssumptionofthePerfect-Gas
Iaw pv = RT fora GaswithCmstentEeatCapacities
Ih orderto evaluateflowsh whichimperfec&gaseffectsarepresent,
~ equationofstatethattakesintoaccountheseeffectsmustbe chosen.
Forthepurposesofthispaperan equationwhichtakesintoaccounthe
effectsofnoleculerforcesandsizeshouldbe sufficient.
A suitablequaticmisthatofVanderWaals
(P+~)(v-b)=RT (12)
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where b isa termcorrectingforthevolumeoccupied3Y themolecules .
and a isa termcorrectingfortheeffectofmolecularforces.
Figube3 Is a graphofVanderWexdsSequationinwhichthequanti-
ties p,v, md T havebeenmadenondimmsionalby dividingby thevalues
ofthesequantitiesatthecriticalpotib Pc,Vc,and Tc,thusnmking
the~aph suitablefor~ gas. (Seereference2.) Thegraphmaybe used
forairifam empiricalcriticalp’oint(PC=,37.2atm,Tc = 238.50F abs.,
Vc = 0.6138smgs/ft3) is assignedto thatmtrh.rrec@_QxYgen- nitrogen.
To givethiscriticalpointthe.valuesof q,b, smd R for air whenthe
~essureisnwasuredinpoundspers.quamfoot,thespecificTOIUW in
cubicfeetperslugandtheabsolutetemperatureindegreesFahrenheit
--
are a n 8.78x 105,II. 0.654, @ R = 1~6.
--—
Theproperequationforan isentropicexpsmsionof”arealgasis
(seereference3)
—
whichforVan
Equation(14)
andsince-v
Assuming
equation(15)
derWads’ equationbecomm
—
.
dE =CvdT+pdv+~dv=O (14)~2.. —
my bewrittOnas
dp=wdw
cU?.=CvdT
constantheat
gives _-
,
+ d(pv)- v(~p+~dv=O
~2
+d(pv)+~dv-f-wdw =0 (15)
~2 —
—.
capacftyat constantvolumeandintegrating
,. . -.
E
()
A +g=CvT+vp-v2 = Constant= E.
—.
(16)
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Thisisthentheenergyequationfora VanderWaalsgas. Dividing
throughly theisentropicspeedofsound
ailsince
(17)
.
P-$=*-$,
then
( )2C.!.T0+-0 ~-~ ( )-2CVT-2V ~-=M?.= V2
()
(18)
l+JL +-a
% (.-%) v
Thevalueof v foran is9ntropicexpansiontobe placedin
equation(18) canbe forrmdframequation(14) as fo~ows:
then
CvdT
.-k
T v- ?)” (19)
andif,Q is constant
T cv~
v=(vo– b)(f) +11 (20)
Fromequations(18) and (20), bowing thestagnationconditionsfor
an expensionfrom To to T, theMachnumlermaybe calculated.The
pressureratioisthenfoundtobe
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.
*“.
—
(21)
—
and substitutingthevalueof v framequation(20)we obtain
Figure4 showstheconventionally’esstigratioa@iarea
..
.—. . -.
ratio pw/(pw)~lplottedagainstMch nunibgrfcmairstartingfrom -
stagnationconditionsof5200F abeoluteailvariomspressurescampared
withthevalueobtainedusingconstantratio”ofheatc&?acitiesandth~- “-‘- ~
perfec+gaslaw. .~. .
Alsoshownh figure4 are.thevaluesof PW/(PW)~~ computedby
Tsien?smethod.It isseenthatas theLmperfect-gaseffectsbecome
lsrgeItisno lingerpossibleto simplifytheanalysisbyneglecting .’
~ @ ~, althoughTsien’sresults _ _te~ containingthesquaresof.V
pv2
we ingoodagreementat 50 atmospheresvhen.theVanderWaalseffect
.—
ismcderate.
—
— .-
It is interestingtonotethatthespeedofsoundina VanderWaals
gas
..
(17)
isnotequalto ?’RT’.Theexprepslonfortheratioofspecificheatsin
a VanderWaalsgasis a
..
—
.. ,
Thevalueof~hahe8’t-capac~&ratio Y is plottedin figure5 aea fuuo~lonofthemmwre
fm ah at room temperature(5200F abs.).
Itmustbemmembereathatthesevaluesof 7 arehqmrtantfurcalculatingtherelationship
betwe~ pbyeicalwsntftiesh gasflaw butthatlhsselargechmgesin 7 have- a small
effectontheforcesm%suredona bodytia w~ridtunuel,theimportantparameterinthecaseof
forcesbeingtheJkchnumberinthetestsecticu.
FmmilasfortheFlowofem IiuperfectGasWithVmiableHeatCapacities
Rcaueguatfon(15)substltitingthevalueof ~ frcdnequation(3)@’ves
-[
()
2
R~+ $ e/T
e 1dT+d(pv)+~dv+wdw=O(eefi- 1)2 $
and theenergyequationbeocmg
m+-=-- ()+2vp -eefr _ 1 ..$ “+$ = constant
(24)
thlm
fjR(To-T)+ ‘e -— (RTO )( Fill! 2a+2vo .3-~ -*~-~ee/TQ-1 ee/T - I PO ,)$.
I“’+(’: 1
V%T 2a
(26)
1
—- —
2 ee/T (V - b)2 v
(eefi_ ~~
.-
!lEW value of v to be wed h WiE equationmaybefoundfromequation(19)
log= m
/
‘0Cv dT
To-b FT [27)T
Sub6titutimgthevalueof f fromequation(3)intoequation(27)a.IMintegratingyields
w ~ .glw:+lql - e“~
1- e’flo “D” -%%‘$ee/To-l
,. ;:
Thepressureratiocorrespondingtothisexpanaionis againfeudfrcwn
.
Fir a—-—
J= V-b $PO RTO a
-—
vo-b V$
:“
.Ili’, ,,b’ I
(28)
(21)
*.
*
,
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Thevalueoftheratioofheatcapacities?’ inthiscaseis
7
-
(’9)
32
butthespeedof roundisfoundfromequation(17) by substitutingthe
valueof ~JR frcmequation(3) tobe
Figure6 showstheconventimalpressureratioend~’earatioplotted
againstMachnuniberforatistatingfromstagnationconditionsof
200@ F alsoluteandvarious~essurescomparedwiththevalueo%tained
usingconstantratioofheatcapacitiesandtheperfec&gaslaw.
DISCUSSION
Thefcmegoinganalyseshowthattheeffectsofvariationofheat
capacitieswithtemperaturedonotbecomeimportantin isentropicexpansions
ofairuntilstagnationtemperaturesoftheorderof100@ F absolute are
encountered.Above1000°F absolute,however,foraccuratesmalysisthis
variationmust%e takenintoaccount.k general,itmaybe statedthat
()82 e/Tfordiato?nicgasestheseeffectsareimportantwhen T (e&)’
becomesappreciablecomparedto thenwiber2.5.
Theeffects-ofTanderWaalsffarcesbecomeimportantwheneither
thetemperatureisextremelylowfornearatmosphericpressuresorthe
pressureveryhighformcderatetemperatures.Theseforcesmustbe
takenintoaccountwhenthevalueof a/v’ becomesappreciablecompared
to thepressurep, cm b becomesappreciablecomparedto v. Forair
theseeffectsareunimportantuntilstagnationpressuresoftheorder
ofSOatmospheresat stagnationtemperatureof 72N F absoluteare
encountered.
32
Tsien?smethodagreeswellwiththere~ts ofth~ainvestigation , .
up to 50 abpheres inthiscase,butitappeSrSthatitiSnot —
possi’bletoneglecthesqyaredtermsof $ and ~ whetitheeffectsVpp
ofVanderWaalstforcesbecmneappreciable.
—
CONCIZJSICINS ;
h manycasesfound inveryhighlkch-er wlnd@nnelsad ~.
flowsofhighstagnationtempevatie“q pKeswe,.~Perfec~~ effects
endtheeffectsofvariationofheatcapacitiesmaybe present.
Fcmdiatamicgasestheeffectofveriationofheatcapacitieshecmes()Q2 eepinqyirtantwhen,~ %ecomOsappreeiallecomparedto 5/2.(JvT _ ;)2
For air theseeffectsbecomeappreciablewhenet~tion conditionsof
1000°F absoluteorlargerwe enc~~red.
Imperfect-gaseffectsbecameimpartant@ gasdynamicswhen a/v2
becomesappreciablecqed to thewessure,P or b becomesappreciable
comparedto v. Whenairisexp~ed froma stagnationtemperature
of s20°F absolutetheseeffectsbecomehportantIfthesta+@ationmesties
areoftheoriierof50 atmospheresor greater?
Formulasarepresentedforhandlingisen$ropicexpmions takinginto *
accounthesephencmenabotheepsratelyandatthesametime. Tsienis”-
tithedisfoundtohe applicableforsmalldepafiwesfroma perfectgas
but isnotaccuratewhentheeffectsofVanderWa&Ls’forcesbecom .
apweciable.
.- .-
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DERIVATIONOFTHEVIERM?IONALHEATCAPACITY@ A D121TOMIC!GAS
To arriveat thevibrationalheatcapacityofa diatomicgas,the
individualmoleculesaretreatedas linearharmonicoscillatorsofa
fundamentalfrequencyandShr6dinger*sequationis solvedforthe
allowablenergystatesofsuchan oscillator.Theseallowablestates
arethensubstitutedintotheequaticmforthecanonicalenergydistrib~
tionandtheaveragenergyperperticleas a functionoftheabsolute
temperatureis found. Thismaybe differentiatedto obtainthe
contributionfthevibratiotidegreesoffreedomofthemoleculeto
theheatcapacityofthegasat anytemperature.
(see
where
h
v
Theaveragevibrationalenergyperparticlefoundinthiswayis
referencesk d 5)
+
Plancktsconstent
characteristicfrequencyofm’&l~culervibration
T absolutetemperature
Differentiating
energyields
to obtainthecontribution
4
to theheatcapacityofthis,
Fora pexticulsrgae # = 13 isa constantandmay.bedeterminedfrom
spectroscc@cdata. Theheatcapacity“atconstantpressureisthen
.14
The valueof e forozygenis
absolutetemperaturesmeasured
may%eusedforair.
4010.4 and
in degrees
FuwERENms
mm RMNo. MMt4 .
for. g~trogenis6044.4for .
F@renhelt.Thevalue5526 —
1.Tsien.Hsue4hen: Qne-DimenshmalF uwsofa GasCharacterizedly
v~ derWadsiEquationofState.Jour;Math.and~S.,
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2. Jeans,James:An lhtroductiontotheKineticTheory_.ofGases.
-ridge Univ.~ess, 1946,PP.13@B.
—
3. Epstein,
1937,
4. Frenkel,
Uiliv.
Pauls.: TextbookofThermc@ynamics.JohnWiley& Sons,tic.,
pp.6&65.
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JohnWiley&
l
1936, pp. 77~0.
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